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In this paper, the equations of motion for a deploying beam with a tip mass
are derived by using Hamilton’s principle. In the dynamic formulations, the beam
is divided into two parts. One part of the beam is outside the rigid support and
is free to vibrate, while the remaining part is inside the support and is restrained
from vibrating. Four dynamic models: Timoshenko, Euler, simple-flexible and
rigid-body beam theories, are used to describe the axially moving beam. An
external force, parallel to the direction of the axially moving motion, is applied
at the left-hand side of the flexible beam. It is found that the axially moving
motion and flexible vibrations are non-linearly coupled in the system equations.
Finally, the effects of several conditions on the rigid-body motion and the flexible
are discussed.

© 1998 Academic Press

1. INTRODUCTION

Dynamic problems of axially moving beams are major concerns for various
applications such as textile industry, tapes, band saws, belts and chains, robot
arms and flexible appendages of a spacecraft. However, these problems have been
traditionally investigated on the basis of the assumption that the member is a rigid
body, but in fact, when the amplitudes of vibration are greater than the allowable
limit, some problems will arise. To obtain a more precise anticipation of the
motions of the axially moving beams, a dynamic analysis of the elastic beams is
necessary.

The dynamic analysis of an axial moving beam has been studied extensively in
the past 20 years. Mote [1] and Tabarrok et al. [2] studied the dynamics of an
axially moving beam. Tsuchiya [3] analyzed the attitudes of a spacecraft with a
rotor during extension of flexible appendages. Kane et al. [4] proposed an
algorithm which can be used to predict the behavior of a beam when its base
undergoes the general three-dimensional motions. Using a recent approach, Yuh
and Young [5] have derived a time-varying partial differential equation and
boundary conditions for an axially moving beam with rotation. By using the finite
element approach, Stylianou and Tabarrok [6, 7] solved an axially moving beam
problem. The elements change in length and are functions of time. Lee [8] exploited
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Figure 1. Schematic of a deploying beam system.

the properties of the eigenfunctions of a uniform fixed-free beam. The equations
of motion in matrix form were formulated for the dynamic responses of an
orthotropic rotating shaft which moved longitudinally over a spring support. In
order to learn the deployment responses of a flexible beam, Creamer [9] presented
a model using the Timoshenko beam theory in conjunction with base oscillatory
motion. Tadikonda and Baruh [10] employed the Eurler beam theory to present
a complete dynamic model for a translating flexible beam which deployed a
payload from a fixed base. Al-Bedoor and Khulief [11] used the Euler beam theory
to show the dynamic model for the vibrations of an elastic beam with prismatic
and revolute joints. The model developed accounts for all the dynamic coupling
terms, as well as the stiffening effect due to beam reference rotation.

In previous studies, most researchers employed the Euler beam theory to study
the flexible vibrations [2, 5, 6, 11, 12, 14, 15] and the dynamic stability [1, 7, 13, 15]
of an axially moving beam. However, the Timoshenko beam model, the tip mass
effect, the external force and its corresponding axial motion were not formulated
completely.

In this paper, the deployment of a flexible beam as shown in Figure 1 is
considered. The flexible beam slides in and out of the rigid wall. At any instant,
a part of the beam is outside the rigid support and is free to vibrate, while the
remaining part of the beam is inside the wall and is restrained from the
deformation in the transverse direction. Hamilton’s principle [16] is employed to
formulate the governing equations of the axial moving beam which is modelled
by four separate beam models. In these formulations, an external force is applied,
and the rigid-body motion and flexible vibrations are found to be non-linearly
coupled.

2. FORMULATION OF THE GOVERNING EQUATIONS

There are four separate models, Timoshenko beam model, Euler beam model,
simple-flexible model and rigid-body model, which can be used to describe an
axially moving beam. Hamilton’s principle is employed to derive the governing
equations of motion for the system shown in Figure 1. The axially moving beam
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is supported by a rigid wall while a mass (M) is attached at its free end. An external
force P is applied at the left-hand side of the beam. In what follows, the governing
equations of the system are derived using Timoshenko beam theory which retains
the effects of the shear deformation and rotary inertia. A reduction process of the
system equations through the other three theories is sequentially presented.

2.1. TIMOSHENKO BEAM THEORY

The length of the beam outside the wall is /(¢) while the beam length inside the
wall is —s(¢). The main point of the dynamic formulation is that the axially
moving beam of the internal x(z)e| 0%, [(¢) | is free to vibrate while the other
interval x(¢#)e| —s(z), 0~ | is constrained in the j direction. In Figure 1, a fixed
Cartesian coordinate oxy is used to describe of the problem. It is assumed that
the beam has mass density (p), flexural rigidity (£7) and cross-sectional area (A4).

Position vector of any material point (x(¢), y) of the axially moving before
deformation is

r = x(0i+ yj, (1)

where i, j are the unit vectors of the fixed coordinate. It is worth noting that the
beam is deployable and x(7) is a function of time.
The displacement field of the Timoshenko beam is

U = [u(x(1), 1) — yp (x(2), Dli + v(x(2), 1)j, 2)

where u(x(2), t) and v(x(¢), t) represent the axial and the transverse displacements
of the beam respectively, and ¥ (x(?), t) is the slope of the deflection curve due to
bending alone. It should be noted that the displacement v(x(¢), t) should be zero
for x(z)e|_ —s(¢), 0~ |, since the rigid wall is the constraint of the axially moving
beam in the j direction. Thus, (2) represents the displacement for the interval
LO*, Z(¢) .

The position vector of the point (x(¢), y) after deformation is
R =r+ U 3)
Taking total derivative of R/(x(7), y, t) with respect to time, one obtains

DR(x(1). y. 1) _

iy [% + i + xXu, — y(J + XY )li + @ + xv,)j. ()

Therefore, the kinetic energies of the beam and the tip mass are, respectively,

DR’ DR/ " 10
Dt Dt o .
DR’ DR/
Lu=M"p0 "o
(x(0).y) = (I(1).0)

= SM[(X + u + xXu,)* + (0 4+ X0.) ] = w00 (6)
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where
T =3{pAG + i + xu.)’ + pI(f + X)), (7)
T> = H{pA[Gi + i + %u. ) + @ + xv. )] + pI(f + xp.)}. (8)
The Lagrangian strains in the corresponding directions are
bo =t =Yt Ee ==Y Fv), & =0, ©)

where the higher order terms i(u, — y¥,)* in &, uy and . in ¢, and 3y’ in
¢,, are neglected. The non-linear term jv7 in (9) is due to the large deformation in
the transverse direction. The total strain energy can be written as

0— (1)
S.E. =1 J (Onex + O + 0,,8,) dV = J Fdx + f UF dx, (10)
Vv 0

—s(1) +
where
U¥ = {EAw + EIY? + \EAYY, an
= HEA(u + 501)* + EIY: + {EA (v — ¥, (12

and E is Young’s modulus of the material.
In addition, the virtual work done by the external force P is defined as

W =P 0R| o = PI6(—s(1) + u(—s(1), D). (13)

Finally, the variation of the kinetic energy (6) of the tip mass is

’2 i f /!
0T, di= | MR ORI,
Dt Dt
1 1 ((n).0)
DR/ . © [t DR
= |:MDl ’ 5R/|(/(;),0):| — Jv MTZZ : 5R,|(1(,),()) dl (14)

2.2. HAMILTON’S PRINCIPLE
The total Lagrangian function of the axially moving beam is

1(1)
Lo(t; X, thy, 11, Uy, O, 0, Yoy ) = f (T'+ T, — U — U¥)dx
—s()

0— 10)
:J 2, dx+J Z,dx, (15)

o -
where
Ly =5lp A + i + xu) + pI(Y + X.) — EAw + %) — ERY], - (16)
L2 =P AR + i + %) + (6 + X0.7] + pIG) + Xp.)
— EA[(us + 503) + 30 — ¥ )] — ERJ3). (17)
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Notice that the displacement v(x(?), ¢) in the j direction is zero for xe| —s(z), 0~ |.
Thus, %, contains only the kinetic and strain energies in the i direction.
Consequently, the general form of Hamilton’s principle for the system is

1 (1)
f [5J Lydx + oW + 5Tm} dt

—s(1)

(%) 0~ (1)
:J[J 5$1dx+f 5$2dx+$1
i (1) o+

1 —

(1)
ox

0+

0-
5x+$2

—s(1)

+5W+5Tm}dt=0. (18)
where x(t) is also a dependent variable, because the equation of the axially moving

motion will be derived.
By taking variation, applying the partical integration technique, using Leibnitz’s

rule and collecting the like terms, equation (18) can be rewritten as

A 0 0%, w009,
O—L {J‘m< 3 ox ox |dx + N 3 0% ox | dx

dx 02, 0 dx 0.2, 0
* [(f ' T A ox >5x]\m + [(g TR )ﬂw + P3(—s(1)
0 0 0%, 0 0%, 0%, 0 0%, 00,
" jsm K—@f ai “oxow o Taag axan VN

1(r) 0 0%, 0 0%, 0 0%, 0 0%,
+£ [<_5’ di “oxaw U\ Ta e T ax o )

+

0%, 002, a@g

e S0 -]

ag dYagz 5 032_ga$2 5
ou., dr on )% T \Tan, —dr av )Y

0% dxo¥ (9 DR’ |
+ <alﬁ2 d: 6w2>5w:| -M D2 '5R/I(/(/)‘0)} dr
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02, o2, (o2, 0%,
+ {JW) o ox dx + o ox dx + i ou + W&lﬁ dx

ot —s(1)

(1) . P
agZ agz 032 Dim ' /) 2
+ L ( i ou + pE ov + o 5¢> dx+ M D1 5R|(,(,),O)} , (19)

3

where dx, ou, dv and Sy vanish at times #, and 7, and Jv equals zero at x = 0+
and 0~.

Since the axially moving beam is forced at the left-hand side, x(¢) is an unknown
variable. Considering the axially moving motion, we have

5x = 3(—s(1)) = dl(1). (20)

Substituting equation (20) into equation (19), one obtains the axially moving
motion

ot 0x ot 0x dr 0x

0+ —s(7)

0 0) 0—
X: J ﬁw‘ dx+J 9822 dx—[fl—dxagl}
—s(1)

/(1)
— |:g2 — % 65%2:| + M(X + 1 + 2xu\ + XMV + )‘CZM,\A,\‘)|(/(,),0) = P. (21)
2 o+

Subsequently, the governing equations of the flexible beam are

—s(t)<x <0~
u: —%65'—%%51‘:0, (22)
4 aail_gzaaﬁl_aiaaiﬂ' (23)
0t <x<I(t)
u: —%aé'iz—%%%:O, (24)
S h et s ) @)

g 0L 002 002
C oy a0y ox oy,

0. (26)

The associated boundary conditions are

x = —s(t)

631 dx (3$1 o
_ <8ux _ o2 > _Hr=o (27a)
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B (agl dx a$1> o
x=—s(0)

o, dr oy
x=0
(0w, dxozn |  [o% dxosn]| _
| Ou,  dr ou | | o droou |,
02, dxoz| [o2n dxozn] _
o de oy | oy drag |
x = I(1)
(0%, dxo0%, DR’
_ 2oL — M= =0,
_(3ux dt ou Lo Dt {000
[0, dx 0%, | DR’
=22 - M =0,
i ov, dr oo oo D?f? {000
832 i dx 832 -0
. dr of e
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(27b)

(28a)

(28b)

(29a)

(29b)

(29¢)

Substituting the Lagrangian densities (16) and (17) into equations (21)—(29¢), the

governing equations become

-
X: f {pA[(X + i + Xu, + X0 ) (1 4 u) + (X + 4 + Xuy)]
s(1)

+ I, + Y2+ 250 + Y} dx

(1)
+ J {pA[(X + i + Xu. + x00,)(1 + uy) + (X + 0 + Xuy)
0

+

+ (F0, + X024 250,0, + 06,) | + pI(Ps + XY + 250, 4+ Yif,)) dx

+ M(X + 1 + 2Xu, + X1, + X)) |un.0n
+ YpAQx U, + X4 + X0 — i* — v — plj?

+ EA[(uz + 300 + 30 — ¥ D - o — 3lpAX%uT + JEA@WT — 200))]c -0

+ BpAXt) oo — HpAQiu, + Xud — i?) — pIj?
+ EAu + )= o = P,
—s())<x<0:
u:  — pAX + i + Xu, + 2xu, + X’uy) + EAu,, =0,

(30)

(1)
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Y — pl(Y + XY + 2%, + X)) — JEAY + ERj.. = 0. (32)
0" < x < I(1):
u:  — pAX + i + Xu, + 2%, + X ) + EA(ue + 0.0) = 0, (33)
v — pAT + Ko, + 2X0, + X0w) + EAUnts + UUse 4 3070.0)
+ 3 EAU — ) =0, (34)

i — pIO + S+ 230, + ) + LEA, — ) + Elp = 0. (35)
The boundary conditions become

x = —s(1):

u(—s(1), 1) = —%, Y (—s(1), 1) = 0. (36a, b)

u(0, 1) =u*, 1), 00, )=0, YO ,1) =y, 1),
u (07, 1) = u (0%, 1) + 30207, 1), Y. (07, 1) = . (0%, 7). (37a,b,c,d,e)
x = I(t):
0= M(X + @i + 2%, + X, + X))oy + [EAW + 320D)]c—1,  (38a)
0= [—EA(u: + 30)v: — ;EA@Us — Y)li-10
— M@ + 2X0, + X0, + X00)|000» (38b)

Y (I(1), 1) = 0. (38¢)

The non-linear partial differential equation (30)—(35) are the second-order
derivatives of the variables x, u, v and { with respect to time. Equation (30)
characterizes the axially moving motion of the beam while equations (31)-(35)
describe the flexible vibrations of the deploying beam modeled by the Timoshenko
beam theory. It is noticed that the axially moving motion and the flexible
vibrations are non-linearly coupled. The terms 2x1i,, 2X0, and 2xy, are the Coriolis
forces in the u, v and  equations respectively.

2.3. EULER BEAM THEORY

If the Euler beam theory is used to describe the bending deformation of the
axially moving beam by setting ¥ = v, and neglecting the shear deformation and
the rotating inertia effect of p/ term [17]. For the beam interval inside the wall,
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we have v(x, 1) =0, xe| —s(¢), 0~ |. Thus, the ¢ term of the beam also vanishes.
The governing equations of the system are

o
x: pA J (X + i + Xu, + X)) (1 + wy) + (X 4 0+ Xu,)] dx
s(1)

(1)
+ pA J [(X + 4 + Xu, + X)) (1 + uy) + (X + v + Xuy)
0+

+ (dv, + Xvi + 2xX0,v, + v0,)] dx
+ M(X + @i + 2xu, + Xu, + qu,\-x)kz(z),o,r)
+ pAQ2Xu, + X'u; + XvF — i — ) + EA(u, + 303) )~ 10

—HEW ) o+ — HpAQRX U, + X’u; — ’) + EAui) - _» = P. (39)
—s(t)<x <0
u:  — pAF + i + Xu, + 2%, + Xuy) + EAu,, = 0. (40)
0" < x < I(1):

u:  — pAX + i + Xu, + 2xu, + X*u.,) + EA(u,, + v0,,) =0, 41

v: — pA®T + X, + 2X0, + X)) + EAUnvy + U0 + 305000) — Elvg. = 0.
(42)
The boundary conditions are
x = —s(1):
u(—s(0). 1) = — . (43)
x =0
u(0-,1) =u(0*, ), u, (07, 1) = u (0%, 7), v(0*, 1) =0v,(0", 1) =0.
(44a, b, c,d)
x = I(t):

[EA (Z/lx “l_ %Ui)]le(t) + M(x + u + 2xu\ + ).éux + xzux,\')|(l(t),0,t) = 0; (45a)
[EA (Mx =+ %Ui)l)x — EIUXXV\-]X=1(,) =+ M(U + 2XUV + J.C.Ux)|(/(,)10,,) = 0, (45b)
v (U0, 1) = 0. (45¢)

It is seen from the equations of motion (39)—(42) and the boundary conditions
(43)—(45c¢) that the rigid-body motion and the flexural vibrations are non-linearly
coupled.

Preveious studies of an axially moving beam have only focused attention on the
transverse vibrations of the linear systems [1, 11, 12, 15]. As the rigid-body motion,
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axial deflection and nonlinear terms are neglected, the dynamic equations can be
reduced to the same formulation.

2.4. SIMPLE-FLEXIBLE MODEL
In the simple-flexible model, one will eliminate the axial displacement u(x, ¢) but
retain the axially moving inertia effect. Equations (40), (41), (43) and (45a) contain
the external force P, the tip mass M and the internal force of the beam. The
reduction process is to carry these effects in the u equations into the v governing
equation (42) and its boundary condition (46). Thus, one may define the internal

axial forces as

pi(x, t) = EAu,, —s(t)) <x<0” (46)
pa(x, t) = EA(u, + 3v3), 0" < x < (). (47)

The relationships of the external force at the left-hand side and the inertia force
of the tip mass at the right-hand side are respectively,

pi(—s(t), 1) = EAu.(—s(t),t) = — P, (48)
p(l(2), 1) = —MX. (49)
Sequentially, equations (40)—(42) can be rewritten as
Pi(x, 1) = pAX, —s(t)<x<0- (50)
Pax(x, 1) = pAX, 0t <x<I(v) (51)
[P0, ]y — pA@ + Xv, + 2X0, + X0 ) — Elv ., = 0, 0" <x< (). (52)

As a result, we have

P 1) = pi(—5(0), 1) + J L pn 0 dr= — P pAS( o+ 50, (53)
—s()

(1)

pax, 1) = pal0), 1) — J Fop(x, 1) dx = =M — pAZ((H) — x).  (54)

From the physical property of the continuous axial force at x = 0, we have
p1(07’ [) = p2(0+9 t)a (55)
and from equations (53) and (54), we obtain

pA(t) + s()% + M = P. (56)
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Sybstituting equations (50)—(54) and (56), into equations (39) and (42), the
governing equations are simplified as

0 0]

x: pA J X dx + pA4 [% + (v, + Xv: + 2x06,0, + 00,)] dx + Mx
—5(7) ot

"'I' %[pA(szf - Uz) - %Mjévi]x:/(t) - %[Evlv.?(x],\':(yr = Pa (57)

v: pA®@ + 2X0, + X)) + [M + pA(l(t) — X)X + Elv,.. = 0. (58)

The boundary conditions are

x=0:
(0, ) = 0.(0, 1) = 0. (59a, b)
x = I(t):
(M5 4 2%6,] — Elv} -1y = 0, (60a)
v (I(1), 1) = 0. (60b)

2.5. RIGID-BODY MODEL

The governing equation of a rigid-body motion of the axially moving beam can
be obtained by neglecting all the flexibility terms. Thus, we have

pA(t) + s(t))X + MX = P. (61)

3. DISCUSSION

The objective of this paper is to derive the equations of the axially moving beam
system by use of various beam theories. The reduction process was shown by
starting with the Timoshenko beam theory and going through the Euler beam
theory, simple-flexible beam theory and, finally, the rigid-body beam.

Now, several important observations can be made:

(i) In the Timoshenko and Euler beam models, the external force P occurs in
the nonhomogeneous term of the x governing equation (30, 39) and in the
u boundary condition (36a, 43) at x = —s(¢), but P exists in the x governing
equation (57) only for the simple-flexure and rigid-body models.

(i) In the simple-flexible model, the v governing equation becomes linear.
Boundary condition (60a) states the shear force balance and is complicated.
The finite element method was employed by Stylianou and Tabarrok [7, 8]
to investigate the dynamic response and stability of the axially moving
beam with tip mass. However, many investigators [9—11, 15] employed the
assumed modes method to solve the simple-flexible beam problem.

(ii1) The axially moving motion and flexible vibration are non-linearly coupled
in all the Timoshenko, Euler and simple-flexible beam models. Even though
the external force is absent, the are also coupled. Thus, a complete analysis
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of the axially moving beam should include both the axially moving motion
and the flexible vibration.

(iv) The external force P could be practically implemented by a hydraulic or
motor driven system. In order to control the axially moving beam motion
or suppress the system vibration, the effect of the external force needs to be
understood in detail.

(v) Because of the coupling effect, the Coriolis forces exist in the governing
equations. This phenomenon is also seen in a rotating disk [18] and traveling
string [19].

4. CONCLUSIONS

In this paper, the axially moving motion, flexible vibration and boundary
conditions for an axially moving beam with a tip mass are derived completely. The
formulation is based on the expression of the kinetic and strain energies of the
system by Hamilton’s principle. In our formulation, the rigid wall prevents the
vertical deflections but does not restrain the horizontal displacement. The velocity
and acceleration of the deployment motion of the beam are also included in the
formulae. It is found that the rigid-body motion and flexible vibration are
non-linearly coupled. The Coriolis forces exist in this system.

The transient amplitude, steady-state response and dynamic stability analysis of
the axially moving beam would be the interesting problems for further
investigation.
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